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PBEFACE 


This  Memorandum  Is  part  of  a  BAND  study  of  water  basing  of  weap¬ 
on  systems.  For  this  stxidy  it  was  necessary  to  obtain  information 
about  the  behavior  of  moored  stirface  and  8ub8urf8K:e  vessels  in  wave- 
disturbed  water  and  the  induced  force  fluctuations  in  the  mooring 
lines.  This  Memoranda  presents  eui  ainalysis  of  this  problem. 

Tne  analysis  should  be  of  Interest  to  defense  agencies  euid  con¬ 
tractors  concerned  with  the  mooring  of  vessels  as  well  as  to  designers 
of  moorings  for  various  vessels  including  those  used  in  the  exploration 
and  exploitation  of  the  offshore  sea  bottom. 
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SUMMARY  AND  CONCLUSIONS 


This  study  anedyzes  the  response  of  a  moored  snip  or  submersible 
craft,  in  uniform  or  irregular  waves,  and  also  tne  forces  in  the  moor¬ 
ing  lines  induced  by  snip  responses. 

Considerations  are  restricted  mainly  to  waves  approaching  the 
vessel  head-on,  and  only  the  surge,  pitch,  heave,  and  the  fore  and 
aft  mooring-line  forces  are  examined.  Moorings  with  and  without  buoys 
are  considered.  Tne  influence  of  tne  assumed  linearization  on  the 
mooring-line  force-displacement  diagram  for  ships  in  irregular  waves 
is  discussed,  and  a  metnod  is  given  for  estimating  errors  introduced 
by  tne  linearization. 

The  response  in  heave,  surge,  and  pitch  of  a  moored  ship  or  sub¬ 
mersible  craft  with  known  hydrodynamic  characteristics  to  waves  ap¬ 
proaching  head-on  can  be  calculated  by  use  of  tne  method  outlined  in 
this  Memorandum. 

Computed  values  of  the  response  of  a  moored  880-ton  vessel  (simu¬ 
lated  by  a  rectangular  block  of  equivalent  displacement),  moored  in 
uniform  waves,  atre  found  to  compare  favorably  witn  results  of  model 
tests . 

Hi^  mooring-line  forces  are  caused  principally  by  the  surge 
motion.  Tnese  high  forces  can  be  expected  when  waves  of  significant 
neignt  are  present  with  a  frequency  equal  to  the  natural  frequency  of 
the  ship. 

Tne  calculation  method  can  be  expanded  for  the  other  modes  of 
movement  (sway,  roll,  and  yaw)  and  for  waves  with  arbitrary  heading 
if  the  modes  of  movement  of  tne  unmoored  snip  are  essentially  un¬ 
coupled. 
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LIST  OF  SYMBOLS 


A  a  vave  amplitude 

Ag  a  horizontal  cross-sectional  «u*ea  of  a  ship  at  the  still 
water  surface 

A  a  horizontal  cross-sectional  area  of  a  buoy  at  the  still 
^  water  surface 

A  a  complex  value  of  the  movement  in  surge  for  a  wave  with 
unit  hel^t 

a^b,c,d  a  coefficients  in  linearized  moorlng-llne  equations 
B  a  beam 

B  a  complex  value  of  the  movement  in  pitch  for  a  wave  with 
unit  helj^t 

C  a  complex  value  of  the  movement  in  heave  for  a  wave  with 
unit  hei^t 

d^  8  coefficient  in  linearized  mooring-line  equations 
E  a  expectation  value 

a  resultant  horizontal  coDq>onent  of  the  restoring  forces  of 
the  mooring  cables 

F  a  resultant  vertical  coDqx>nent  of  the  restoring  forces  of 
the  mooring  cables 

a  complex  value  of  the  exciting  force  or  moment  in  the  s 
mode  of  movement  for  a  wave  of  unit  heig^it 

f 0  =  function 

fg^  =  complex  value  of  the  exciting  force  or  moment  per  unit 
mass 

G  a  spectral  energy  of  the  response  for  e  *  o 
g  a  acceleration  of  gravity 
g(x)  a  odd-single  valued  power  function  of  x 
H(o  »  horizontal  force  at  the  holding  point  (o,o) 
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horizontal  force  at  the  holding  point  (x,z) 

ratio  of  response  in  a  particular  variable  to  wave 
amplitude  (complex  frequency  factor) 

square  of  the  absolute  value  of  the  complex  frequency 
factor 

h  =  vertical  distance  between  the  holding  point  of  a 
mooring  line  and  the  sea  bottom 

I  =  imaginary  axis 

I^(t)  =  random  (force)  function,  derived  from  the  wave  spectrum 

I  =  inertia  mass  moment  of  the  ship  solution  around  the 
y  axis 

I  (t)  =  random  (moment)  function,  derived  from  the  wave  spectrum 
6 

I”  =  added  inertia  mans  moment 

U 

J  =  inertia  moment  of  the  horizontal  cross-sectional  area 
^  of  a  buoy  around  the  y  axis 

j  =/:i 

=  equivalent  linear  stiffness  coefficient 

K  =  stiffness  coefficient  in  force  equation  of  the  s  mode 
for  the  movement  in  the  t  mode 

k  .  =  stiffness  coefficient 

St 

L  =  half-length  of  a  ship 

I  =  horizontal  distance  between  the  point  where  a  mooring 
line  touches  the  sea  bottom  and  the  holding  point 

s  total  moment  of  the  horizontal  components  of  the  bow 
and  stem  lines 

M  B  total  moment  due  to  the  vertical  forces  in  the  mooring 
^  lines  perpendicxilar  to  the  long  cuds  of  the  ship 

M  s  virtual  mass  or  mass  inertia  moment  in  the  force  on 

ST 

moment  equation  of  the  s  mode  for  the  movement  in  the 
T  mode 


H,  V  = 
(x,z) 

H(tr)  = 
[h(uj)]^  = 
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M  =  total  moment  of  the  vertical  component  of  the  bow  euid 
^  stem  lines 

=  expected  number  of  maxima  of  the  response  per  unit  time 
exceeding  the  value  of  the  response  R(t)  =  a 

=  virtual  mass  in  the  x  movement 


=  virtual  mass  in  the  x  movement 


hL  =  virtual,  mass  in  the  x  movement 
■^xx 

M"  =  added  mass 

N  =  linearized  damping  term  in  the  force  equation  of  the  s 
mode  for  movement  in  the  t  mode 

n  =  horizontal  distamce  between  the  point  vhere  a  mooring 
line  touches  the  sea  bottom  and  the  anchor 

p  =  vertical  distance  between  the  holding  points  of  a  mooring 
line  and  the  mass  center  of  the  ship 

=  average  response  amplitude 
R^  =  periodic  force  due  to  other  modes  of  movement 
R(t)  =i  response  amplitude 

Rg  =  restoring  moment  in  pitch  of  a  hovering  submersible 

R,  /,  =  average  response  an5)litude  of  the  I/5  hipest  responses 
(i.e.,  of  the  highest  third  of  all  amplitudes) 

S  =  total  length  of  a  mooring  line 

Sj.(o))  =  spectral  density  of  the  response  in  a  particular  variable 

S^(uj)  =  spectrsLL  density  of  the  waves 

S  =  length  of  a  mooring  line  lifted  from  the  bottom 
s  =  general  Indication  for  mode  of  movement 
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s  =  distance  measured  along  a  mooring  line  from  tne  point  where 
the  line  touches  tne  sea  bottom 

T  =  total  force  in  a  mooring  line 

=  period  of  free  oscillation  in  the  s  mode 


t 


time 

vertical  force  in  a  mooring  line  at  the  holding  point  o 


x,y,z 

y 


vertical  component  of  the  force  in  the  mooring  lines 
perpendicular  to  the  long  aois  of  the  vessel 

vertical  force  in  a  mooring  line  at  the  holding  point  (x,z) 

net  weight  of  a  mooring  line  per  unit  length 

Cartes ism  co-ordinate  axes 

random  variable  with  zero  mean  value 


Zg  =  vertical  distauice  between  center  of  gravity  and  center  of 
buoyancy 


ss 


1  ss 
2  M 

ss 


0) 


a  =  a  value  of  the  response 


y  = 

6  = 
e  = 
0  = 


coefficient  = 


df(K  ) 

SSLl 


dK 


eq 


water  depth 

small  parameter  modifying  the  nonlinear  function 
pitch  angle 

daui^ing  coefficient  =  N/Mjjq 
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H  =  remainder  function  (Eq.  85) 
p  =  density  of  water 
a  =  root  mean  square 

o  =  root  mean  square  of  the  response  of  the  assumed  linear 
system  in  svirge 

o  =  root  mean  square  of  the  response  of  the  nonlinear  system 
in  surge 

T  =  genersLl  indication  for  mode  of  movement  (used  only  as  a 
subscript) 

CO  =  angle  of  roll 

cp  =  angle  of  a  mooring  line  at  the  holding  point  with  the 
horizontal 

\lt  =  angle  of  yaw 

(u  *  wave  frequency 

0)^  *  natural  frequency  in  the  s  mode 


V  =  displacement 


I.  IlfTRODUCTIOII 


A  vessel  moored  at  sea  will  experience  a  complicated  series  of 
translational  and  rotational  oscillations  due  to  sea  waves.  These 
notions  can  be  considered  as  the  summation  of  six  components,  three 
translational  and  three  rotational. 

In  the  presently  available  analyses  of  motions  of  \inmoored  ships 
and  submerged  crafts,  differential  equations  can  be  written  for  each 
mode  of  movement.  Unfortunately,  motions  in  one  of  these  modes  are 
coupled  to  motions  of  ether  modes,  and  the  analysis  becomes  rather 
complicated.  Generally,  the  problem  is  simplified  by  neglecting  some 
of  the  coupling  effects  and  by  specifying  the  position  of  the  vessel 
in  the  wave  system. 

This  study  develops  and  analyzes  a  model  for  a  moored  ship  or 
submerged  craft  restrained  by  mooring  lines,  using  the  presently  avail¬ 
able  mathematical  models  for  the  free  ship  or  hovering  submerged  craft 
and  the  force -displacement  relationship  of  the  cable-holding  points 
on  the  ship. 

The  coupled  movement  (three  degrees  of  freedom)  in  a  vertical 
plane  through  the  longitudinal  axis  of  the  vessel  and  the  generated 
mooring-line  forces  are  considered  in  detail.  The  general  ceise  of 
six  degrees  of  freedom  in  arbitrary  heading  is  discussed  briefly  in 
general  terms  in  Section  IX. 
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II.  MOTIONS  OF  M  UNRESTRAINED  VESSEL  IN  HARMONIC  WAVES 

Referring  to  the  analyses  by  Weinbl\an  and  St.  Denis,  the  move¬ 
ment  of  a  vessel  unrestrained  by  mooring  lines  in  harmonic  waves  may 
be  expressed  with  certain  approximations  by  the  second-order  linear 
differential  equation 


^  ^  +  N  fl+Ks+R.  -AF®e‘ 

ss  ,.2  ss  dt  ss  t  ex 

dt 


where 

A  =  wave  amplitude 

P®  =  wave  force  for  a  wave  of  unit  amplitude 

K  =  stiffness  coefficient 

ss 

M  =  virtiial  mass  or  mass  Inertia  moment  of  the  vessel 
ss 

=  linearized  damping  coefficient 
R^  =  periodic  force  due  to  the  other  modes  of  movement 
s  =  considered  translational  or  rotational  displacement 

=  wave  frequency 

Uie  first  subscript  of  the  mass,  damping,  and  stiffness  coeffi¬ 
cients  refers  to  the  considered  force  or  moment  equation;  the  second 
subscript,  to  the  mode  of  movement  to  which  the  coefficient  belongs. 

I^ie  first  term  on  the  left  in  Eq.  (l)  represents  the  inertia  force; 
the  second  terra  represents  the  damping  force;  the  third  term  is  the 
restoring  force;  and  the  fourth  term  is  the  force  due  to  other  modes 
of  movement.  The  term  on  the  right  expresses  the  periodic  force  of 
the  waves. 

Extensive  literature  is  available  concerning  the  calculations  of 

the  mass  auid  damping  coefficients  for  a  ship  of  peurticular  dimensions 

and  the  periodic  wave  force.  Weinblum  and  St.  Denis, and  Korvin- 

(2) 

Kroukovsky,'  '  particularly,  present  readily  applicable  data  for  cal¬ 
culating  these  coefficients  and  the  wave  forces. 
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Infomiation  about  the  coupling  of  the  different  modes  of  move¬ 
ment  is  limited,  and  only  a  few  incidental  cases  have  been  investi¬ 
gated;  for  example,  the  coupled  heave  and  pitch  by  Korvin-Kroukovsky 
and  Jacobs.  Weinblum  and  St.  Denis  neglect  the  coupling  in  their 
analyses  of  ship  motion,  and  in  this  study,  the  coupling  term  will 
eilso  be  neglected  initially. 

For  the  unrestrained  ship,  the  restoring  forces  and  moments  in 
the  different  modes  are  caused  by  the  displacement  of  the  ship  from 
the  position  of  rest;  if  the  ship  is  moored,  the  forces  in  the  mooring 
line  wiU,  of  course,  cause  additional  restoring  forces  and  moments. 


-4- 


III.  MOORING-LINE  CHARACTERI 31103 


The  forces  exerted  on  a  ship  or  vessel  lay  mooring  it  with  a  long 
single  chain  or  cable  that  has  an  embedded  anchor  at  its  other  end  are 
functions  of  the  weight  of  the  chain  or  line  and  the  location  of  the 
holding  point  in  the  ship  relative  to  the  anchor.  If  it  is  assxmed 
that  the  cable  is  lying  partly  on  a  flat  bottom  as  in  (a)  of  Fig.  1, 
then  the  horizontal  and  the  vertical  forces  on  the  ship  are  nonlinear 
functions  of  the  horizontal  and  vertical  displacement.  Based  on  the 
analyses  of  single  mooring  lines  presented  in  Appendix  A,  (b)  of  Fig.  1 
presents  the  total  tension  and  its  horizontal  and  vertical  components 
as  a  function  of  the  displacement  in  nondimensional  parameters. 

In  a  particular  condition  of  the  mooring  chain,  for  example,  as 
presented  in  (a)  of  Fig.  1,  a  rectangular-coordinate  system  is  fixed 
to  this  point,  with  the  x-axis  horizontal  and  z-axis  vertical.  For 
small  displacements  around  the  holding  point  (o, o),  the  horizontal 
and  the  vertical  components  of  the  force  in  the  chain  at  this  point 
may  be  assumed  to  be  linear  with  the  displacement  and  may  be  expressed 
by 


/  V  =  H/  X  +  ax  +  bz 

(x,z)  (o,o) 

/  X  =  V/  X  +  cx  +  dz 

(x,z)  (o,o) 


(2) 

(3) 


where 


H 


H 


(o,o) 
^(o,o) 
(x,z) 
^(x,  z) 


horizontal  force  at  the  holding  point  o 
vertical  force  at  the  holding  point  o 
horizontal  force  at  (x,  z) 
vertical  force  at  (x, z) 


The  coefficients  a,  b,  c,  and  d  can  be  obtained  directly  from 
Fig.  2,  which  is  based  upon  the  mooring-line  analyses  presented  in 
Appendix  A.  It  will  be  noted  that  b  <  a  and  c  <  d. 


Displocement,  (S-L)/h 


I  —  Nondimensional  representation  of  mooring  -  line 
forces  os  a  function  of  displacements 


a/w,  b/w,  c/w,  d/w 
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0  0.1  0.2  0.3  0.4  0.5  0.6 

Oisplocement,  (S  ~  L)  /h 


Fig.  2 — Linear  coefficients  for  small 
displacement  of  the  holding  point 
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If  a  c^aln  with  a  sinker  Is  used,  the  forces  can  again  be  ex¬ 
pressed  by  Eqs.  (2)  and  (3),  but  the  calculation  of  the  coefficients 
becomes  cumbersome. 
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IV.  SPRBAD-MOORED  SHIP 


Spread-mooring  la  used  presently  In  the  oil  Industry  for  mooring 
tender-barges  near  offshore  drilling  platforms.  Die  layout  of  the 
mooring  Is  represented  In  Fig.  3*  It  is  assumed  that  the  vaves  ap¬ 
proach  the  ship  head-on.  Initially,  It  Is  assumed  that  the  ship  Is 
subjected  to  uniform  waves;  later  on,  the  effect  of  irregular  waves 
will  be  introduced. 

Die  ship's  motions  In  the  plane  considered  involve  surging,  heaving 
and  pitching.  For  the  unrestrained  (free-floating)  ^Ip,  surge  does 
not  have  important  effects  on  the  heave  and  pitch  and  consequently  may 
be  considered  uncovqiled.  In  the  case  of  the  moored  ship,  however, 
coupling  will  enter  into  the  system  due  to  the  mooring  lines.  For  ex- 
atiqile,  the  position  of  the  bow,  vdiich  is  determined  by  heave  and  pitch, 
influences  the  horizontal  component  of  the  mooring -line  force,  and 
hence  the  surge. 

Referring  to  Eq.  (l),  Weinblum  and  St.  Denis,  and  Wilson, 
the  linearized  equation  of  motion  in  surge  for  the  center  of  gravity 
of  the  unrestrained  ship,  conpared  to  a  fixed  coordinate  ^stem  taken 
in  the  center  of  the  ship  in  still  water,  takes  the  form 


M  X 

XX 


+  N  i 

XX 


ex 


(4) 


■idiere 

M  ■  M  +  M"  ■  virtual  mass  of  the  ship  in  x  direction 

XX  X 

M  n  mass  of  ship 
M"  a  added  mass  in  x  direction 

X 

■  danqiing  coefficient  in  surge 

Generally,  the  drag  is  small  and  may  be  neglected.  However,  in 
some  cases,  moored  crafts  may  be  built  specially  for  mooring  puriKJses, 
and  in  that  case,  no  enphasis  may  be  placed  on  towing  or  propulsion 
characteristics.  Then,  is  not  necessarily  small,  and  estimates  of 

values  may  be  obtained  from  the  propulsion  characteristics  and  a  llnearl 


Top  view 


Side  view 


Note:  The  ship's  principal  axes  are  shown  coincident  with  the  fixed  axis. 

Fig. 3 — Spread-moored  ship 
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zation  process  as  developed  by  Havelock  (described  in  Ref.  l)  for  the 
heaving  motion.  For  the  time  being,  the  drag  term  vlU  be  maintained, 
being  important  even  when  small  in  cases  of  a  resonance  condition. 

In  addition  to  the  inertia  and  drag  forces,  a  restraining  force 
exists  for  the  moored  vessel,  and  the  equation  of  motion  becomes 


M  X 

XX 


N  X 

XX 


+  F. 


lout 


ex 


(5) 


^ere  F^^  is  the  resviltant  horizontal  con^xonent  of  the  restoring  force 
of  the  mooring  cables.  V7ith  reference  to  Eqs.  (2)  and  (3),  taking  the 
direction  of  the  x-axls  toward  the  left  in  the  direction  of  wave  pro¬ 
pagation,  the  horizontal  force  of  the  left  cable  is 


H 


(x,z) 


H 


stem 


(0,0) 


stem 


-  a(x  -  p0)  +  b(z  +  Le) 


(6) 


where 

p  ■  vertical  distance  between  the  holding  points  of  a  mooring 
line  and  the  mass  center  of  the  ship 

L  n  half-length  of  the  ship 


and  for  the  cable  on  the  upstream  side 


“^x  zl  “  '  “fo  o)  ”  (7) 


Ihe  other  four  mooring  lines  have  no  significant  component  in  the  x 
direction.  Consequently,  the  total  restoring  force  is 


-  P.  =  -  2ax  +  2(hL  +  ap)0 
n 


(8) 


Thxis,  Eq.  (3)  becomes 

M  X  +  N  X  +  2ax  -  2(bL  +  ap)0  ■  e*^***^ 

XX  XX  '  ex 


(9) 
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Introducing  the  stiff^ss  coefficients 


K 


XX 


2a 


(10) 


and 


-  -2(bL  +  ap) 


(11) 


Eq.  (9)  becomes 


M 

XX 


+  IN  X  +  K  X 

XX  XX 


ex 


(12) 


In  this  analysis,  following  the  presentation  by  Kriloff,  Wein- 
blum  and  St.  Denis,  and  Wilson, the  coupling  effects  as  induced 
on  the  free-floating  ship  are  neglected.  Tests  on  ship  models  and  com¬ 
putation  of  couiJled  end  uncoupled  motions  indicated  that  neglecting 
the  coupling  terms  i  a  of  minor  significance  for  the  pitching  motion 
but  is  more  important;  for  the  heaving  motions.  As  will  appear,  since 
the  effects  of  heave  on  the  mooring- line  forces  sire  relatively  minor 
cosgpared  with  those  of  pitch,  neglecting  these  coupling  terms  in  the 
motion  equation  of  tlie  free-floating  ship  seems  Justified  and  simpli¬ 
fies  the  analysis  significantly. 

For  the  moored  ship,  the  heaving  motion  is  influenced  by  the  re¬ 
storing  force  of  the  chains.  'Hie  restoring  force  for  the  bow  and 
stem  chains  can  be  caLculoted  from  the  vertical  mooring -line  force 


V 


(x,*) 


stem 


'(x,z) 


bow 


"  *  p®)  "  ^(z  +  Le) 

■  ’^(0,0),  ’  ‘ 

'  *  'bow 


(13) 

(14) 


Addition  of  Eq.  (I3)  and  Eq.  (14)  gives 


(0,0) 


stem 


'(0,0) 


bow 


-  2dz 


(15) 
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TOie  canstant  forces  V/  +  V/^ _ act  downward  on  the  ship 

'stem  '  '°'bow 

and  Increase  Its  displacement.  Generally,  this  increase  Is  very  small 
and  may  be  neglected.  Consequently,  the  stiffness  coefficient  In  heave 
for  the  moored  ship  becomes 

“  CpsAg  +  2d)z  (16) 

where  A  Is  the  horizontal  cross-sectional  area  of  a  ship  at  the  still- 
s 

water  svirface.  Hie  first  term  on  the  right  side  of  Eq.  (l6)  repre¬ 
sents  the  vertical  force  due  to  the  displaced  volume  of  water;  the 
second  term,  the  force  due  to  the  mooring  lines  on  the  bow  and  stem 
of  the  vessel. 

Hie  coefficient  d  appears  to  be  very  small  centred  with  pgA  , 

s 

and  consequently  the  bow  and  stem  mooring  lines  have  an  insignificant 
effect  on  the  heaving  motion.  Likewise,  the  other  mooring  lines  al¬ 
ready  neglected  in  Eq.  (l6)  have  no  effect  on  the  heaving  motion. 

Following  Eq.  (l),  the  equation  of  motion  in  pitch  of  a  free- 
floating  vessel  may  be  written,  if  coupling  with  other  modes  of  move¬ 
ment  is  neglected,  as 

“ee®  *  V  *  W  ■  (IT) 

virtual  inertia  moment  of  the  ship 
danqping  coefficient  in  pitch 
PgJ^ 

longitudinal  moment  of  inertia  of  the  water  plane 
exciting  moment  in  pitch  due  to  waves  with  unit  hei^t 

Hie  restoring  moment  (Kgg0)  of  the  free-floating  ship  is  increased 


idiere 


M 


00 


N, 


00 


00 


F® 

ex 


when  the  ship  is  moored, 
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nie  total  moment  of  the  vertical  components  of  the  bow  and  stem 
line  is 


bow 


(18) 


2cLx  -  2cpl.0  -  2^6 

+  p6  /  V/  »  V/  \  + 

\  ^°'°^stem  ^°^°^bow) 


2dz 


(19) 


The  moments  due  to  the  horizontal  forces  in  the  stem  and  bow 
lines  are 


+  2apx  -  2ap  e  -  2pbLe 


-  2bzL0 


(21) 


The  moments  due  to  vertical  forces  in  the  mooring  lines  perpendicular 
to  the  long  axis  of  the  ship  are 


”p  “  P^(o,o)p  ® 


where 


vertical  component  of  force  in  mooring  line 
perpendicular  to  the  long  axis  of  the  vessel 


d^  ■  coefficient  determining  the  inflvience  of  the 
vertical  movement 


Neglecting  the  hi^er-order  terras,  the  resiltant  moment  due  to 


all  nooring-line  forces  is 
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+  M  «»  2(ap  +  cL)  x  -  2ap^  +  2(b  +  c)pL 


+  4  V/ 


),oL  )  J 


Consequently,  the  total  restoring  noDBnt  is  a  function  of  x  and 
0,  and  the  equation  of  motion  may  be  written 


*  V  *  V  * 


idle  re 


PgJy  +  [sap^  +  2(b  +  c)pL 


stem 


'(o,o). 


+  2dL  +  4d,L^  L  -  Tv,  x  +  V,  v  +  4  V/  \  ^  1 
^  <°^°)8tem  (°^°^bow  (°>°)py'Pj 


^0x  " 


Thus,  the  three  equations  of  motion  are 


M  X+N  x+K  X+K.0  -  aF  e^“^ 

XX  XX  XX  xd  ex 


V  *  V  *  W  *  ’'8x=‘  -  '^^x 


“zx*  ♦  "zz‘  ♦  K^z  -  eJ"* 


(29) 
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It  will  be  noticed  that  Eq.s.  (2?)  and  (28)  are  coupled.  Antici¬ 
pating  a  solution 


X  •  A  e 


VOiere  A  and  B  are  complex  quantities,  then 


i  - 


e  -  iuiS  e'*“‘ 


.  -.:2  b  eJ'" 


Introducing  these  complex  quantities  in  place  of  the  real  quanti* 
ties  in  Eqs.  (2?)  and  (28)  gives 

C-»'«xx  *  •'“"xx  *  O  *  *  V  ■  ^x 

V  *  C-^"oe  *  J“"ee  *  •'ee)  ®  "  "^x  <37) 

We  now  introduce  the  lnqpedeuices 


2  ■  -w^  +  jwN  +  K 

‘^XX  XX  ''  XX  XX 


Zee  -  -^ee  *  ■)"“'ee  *  ■'ee 


(39) 
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which  slaplifies  Eqa.  (36)  and  (37)  to 


Solving  for  A  euid  B  gives 


^xx  ^0 

Sx  ^00 


(>v0) 

(41) 


(42) 


and 


B 


ex 


(43) 


By  vhlch  amplltvides  and  jdiase  lags  with  the  exciting  pezlodlc  vaves 
can  be  calculated. 

For  the  verticeLl  motion,  a  conjilcx  solution  is  anticipated 


z 


(w) 
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vhere  Cl s  a  conqplex  quantli^.  Following  the  method  for  x  ajid  9,  we 
obtain 


C 


(45) 


where 


zz 


-w^M_ 


zz 


+  +  K 


zz 


(46) 


!Ihus 


ex 


(47) 


T9ie  fluctvtatlons  In  the  mooring  cables  may  now  be  determined.  For 
exampl-e,  rewriting  Eq.  (6) 


(x,*) 


H 


stem 


(o,o) 


ax  +  (ap  +  bL)©  +  bz 


stem 


If  we  Introduce  the  following  expression  for  the  force  fluctuation  In 
the  mooring  cable,  which  Is  a  function  of  wave  ampUtxide  and  frequency 

Hgtem^^^*"^  "  -ax  +  (ap  +  bL)e  +  bz  (48) 


then 


“stem^^^^"^  "  He[-a3[  +  (ap  4  bL)B  +  bc]  Ae^'*  (49) 

rn  many  instances,  the  terra  in  Eq.  (40)  is  veiy  small  com¬ 
pared  to  and  in  Eq.  (4l)  is  very  small  compared  to  Zgg.  Then 
the  pitch!  and  surge  of  the  moored  ship  are  essentially  uncoupled,  and 

r 

A  «  -Si  A 


(50) 


-L8- 


B 


fa 


(51) 


coupling  Is  Important,  however,  for  the  resonance  movement 
in  svirge,  which  Is  generally  not  significantly  damped,  and  in  that 
case  Bqs.  (42)  and  (43)  have  to  he  used. 

If  coupled  motion  for  the  free-floating  ship  in  pitch  and  heave 
are  Important— for  example,  for  a  ship  with  the  center  of  mass  not  ap¬ 
proximately  in  the  middle  of  the  ship  as  descrihed  hy  Korvin-Kroukov- 

(2) 

sky^  — the  equation  of  motion  of  this  vessel  vhen  moored  hecomes 


M  X  +  N  x+K  x+K-0  »  AF*  e*^"^  (52) 

XX  XX  XX  xd  ex  ' 


■'to*  *  *  V  *  W  *  “9.*  ♦  "S.*  *  '=9."  -  (53) 


V  *  V  *  V  *  *  hz’’  ‘  <5“*) 


ex 


or  using  the  mechanlccJ.  Impedances  Zq^  and  Z^q,  similarly  as  In 
£q.  (38)  the  equations  of  motion  may  be  expressed: 


Z  A  +  K  «  B 
XX  xd 


AF* 

ex 


AF® 

ex 


Zze  B  ^  c  -  ^;x 


(55) 

(56) 

(57) 


This  set  of  linear  equations  may  be  solved  by  using  Cxamer's  rule, 
wrltiz]g  for  the  detexmlnant  of  the  system 


^xx  ° 


^0X  ^00  ^0z 


0  Z  Z 
Z0  zz 


A  - 


(58) 
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The  unique  solutions  are  given  ty 


A 


B 

C 


(59) 

(60) 
(61) 


uhere  A. 


are  the  detensinEmt  forms  obtained  replacing  the 


elements  of  the  first,  second,  or  third  columns,  respectively, 

(56)  by  0^^,  01^. 


Of 
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V.  SHIP  MOORED  BY  BUOYS  WITH  UNIFORM  WAVES  HEAD-ON 


[Hie  equations  of  motion  for  a  ship  using  mooring  bupys  can  be  de¬ 
rived  in  a  fashion  similar  to  that  for  the  ship  using  mooring  cables 
only.  In  this  case,  the  motions  of  the  bupys  have  to  be  considered 
in  addition  to  the  motions  of  the  ship. 

Considering  a  mooring  configuration  in  Fig.  4,  it  will  be  noted 
that  the  relative  vertical  motions  between  the  buoys  and  the  ship  will 
induce  small  horizontal  displacements  between  the  buoys  and  the  ship, 
thus  relatively  small  force  fluctviations  in  the  lines  between  ship  and 
bupy.  Conseqviently,  the  heaving  and  pitching  motions  of  the  ship  are 
considered  as  of  no  importance  to  the  forces  in  these  lines.  This  is 
natvirally  not  the  case  for  the  heaving  motions  of  the  bupys. 

Assuming  again  a  linear  relationdiip  between  forces  and  movements, 
and  neglecting  the  pitching  of  the  buoys,  the  equations  of  motion  of 
the  system  neglecting  damping  in  surge  become 


\  h 

+  X  +  a  x^  +  (x^  -  Xg)  -  b  z. 

- 

1 

(62) 

XX 

XX 

ex 

Mp  X  +  (x^  -  x^  )  +  K  (x  -  X  ) 

- 

n 

(63) 

ex 

^xx 

m 

ex 

(64) 

"l  *1 

+  H  z  +  [pg  (2  L,B- )  +  d]  *1  -  CX, 

m 

eJ« 

(65) 

zz 

zz 

ex 

M  % 
3„  3 

zz 

+  Nj  *  +  [pg  (2  L^B^)  +  d]  z^  +  cx^ 

ZZ 

m 

eJW 

(66) 

In  many  Instances,  in  mooring  with  bucys,  the  connection  between 
the  ship  and  buoy  is  made  with  a  cable  that  Is  relatively  light  in  ccn- 
parlson  with  the  heavy  chains  used  on  the  buoys.  If  these  cables  are 
placed  in  hlc^  tension,  the  horizontal  movements  of  the  buoys  and  the 
ship  sire  practlcsUJy  the  same,  smd  it  may  be  assumed  that  ^  ^ 


■21 
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Hien  Eqs.  (62)  throujji  (66)  reduce  to 


k  +  2ax  -  bz^  +  bz^ 


(f^  +F^  +F*  Ne^**^ 

ex  ex  ^ex/ 


M  +  \  *1  +  [p8^^T)  +  d]  *3^  -  cx  -  F*  e*^“^  (68) 

■^xx  zz  ex 

“’i  ^  +  d]  z  +  cx  -  f!  6*^“^  (69) 

^zz  ^  “^zz  ^  ^  ex 

In  Eq.  (67),  the  virtual  masses  of  the  buoys  are  small  compared 
with  the  mass  of  the  ship,  and  also  the  horizontal  wave  forces  are 
small  compared  with  the  wave  force  acting  on  the  ship;  consequently, 
the  effects  of  the  buoys  In  this  horizontal  movement  of  the  ship  may 
be  neglected. 

Generally,  the  natural  frequency  In  heave  of  the  buoys  Is  higher 
than  the  frequencies  of  the  waves,  thus  the  terms  MX  and  Nz  are  small 
compared  with  the  term  ^pg(2LB)  +  dj  and  may  be  neglected  In  our  Ini¬ 
tial  Investigation  of  the  ship's  movement. 

Disregarding  the  above-mentioned  terms.  Introduction  of  Eqs.  (68) 
and  (69)  Into  Bq.  (67)  gives 


“a  ■*  <"1  *  *2  )  *  *  { 

XX  ^  ^xx  ^ 


Vdr} 


fpgAn  +  d)  1 


,pg/^  ♦  d)  2 


F*  +  r  ") 

2  2  y 

ex  ex 


nils  resxilt  Is  loqportant,  since  In  principle  It  enables  the  de¬ 
sign  of  a  mooring  In  >dilch,  at  the  resonance  frequency 


“  -  pgA„  .  a 

"  ■  - iC -  < 

XX 

the  excitation  term  on  the  rlg^t  side  of  Eq.  (70)  becomes  zero  by 
proper  placement  of  the  buoys. 
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VI.  SUBMERGED  CH^FT  VOTH  UNIFORM  WAVES  HEAD-ON 

Eqviatlons  (27)  through  (29)  developed  In  Section  IV  are  also 
applicable  to  submerged  craft  having  the  configuration  shown  in  Fig. 
Here  the  vessel  is  assumed  to  be  moored  vith  two  lines,  one  at  the 
bow  and  one  at  the  stem,  and  to  be  situated  in  water  of  intermediate 
depth. 

Since  displacements  in  heave  do  not  induce  changes  in  the  volumes 
of  water  displaced  by  the  vessel,  as  is  the  case  with  surface  ships, 
the  restoring  forces  in  the  equation  for  heave  (Eq.  16}  are  detemined 
only  by  the  effect  of  the  mooring  lines.  Thus 

K  «  2dz 

The  restoring  moment  in  pitch  (R.)  of  the  hovering  submersible 

C7 

is  caused  by  the  buoyance 


Rq  - 


(73) 


where 

Zg  ■  distance  between  center  of  buoyancy  and  center  of  gravity 
V  ■  displacement 


Consequently,  the  stiffness  coefficient  in  pitch  for  the  moored 
submersible  is 


'  *  'stem  '  *  'bow 


-^V 


(7) 

Goodman  and  Sargent,  studying  the  response  of  a  submerged 
hovering  submarine,  neglect  the  damping  term  in  the  equation  of  motion. 
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lO 

d» 

iZ 


Moored  submersible 


-25- 


Considering  a  submarine  with  approximately  symmetrical  fore  and  aft 
end,  they  obtained  in  the  nomenclature  used  here 


M  «  - 

(75) 

zz  ex 

(76) 

(77) 

(78) 

(79) 


Neglecting  the  damping  terms  is  justified  here  if  no  motions  with  fre- 
qxiency  close  to  one  of  the  natural  frequencies  are  considered. 
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VII.  SPREAD-M30RED  SHIP  AMD  SUBMERSIBLE  IK 
LONG-CREaTED  IRREGULAR  WAVES 


It  ai^ars  that  the  actual  wave  condition  in  the  ocean  can  best 
be  represented  by  use  of  the  siodel  of  a  random  process  as  derived  by 
Neumann  and  described  by  Pierson,  Nemnann,  and  James.  ^  '  Statistical 
values  such  as  average  wave  helj^t  are  given,  not  values  of  the  en¬ 
vironment  as  a  function  of  time.  Ihe  sea  is  taken  as  a  sumnatlon  of 
a  large  number  (or  as  an  Integral  of  an  infinite  number)  of  unifom 
wave  trains,  each  with  different  amplitudes  and  directions  superim¬ 
posed  in  random  phase,  ihe  profiles  of  the  individual  waves  are  as- 

(9) 

sumed  to  be  sine  cuirves  according  to  Airy's  iheory.^ 

Techniques  are  avedlable  to  predict  the  amplitudes  of  the  waves 
and  their  distribution  over  tne  frequency  range  from  wind  velocity, 
wind  duration,  and  the  fetch.  Generally,  the  resiilt  can  be  presented 
in  the  form  of  a  wave  spectrum,  which  is  the  distribution  of  the  mean 
squares  of  the  wave  amplitudes  in  a  given  increment  of  the  frequency 
(spectral  density)  over  the  wave  freqviencles. 

In  the  following  analysis,  it  is  assumed  that  the  waves  are  uni¬ 
directional  8uid  meet  the  ship  or  submerged  vessel  head  on.  nils  case  is 
realistic,  as  it  represents  the  crafts  moored  in  swell. 

Following  the  work  by  St.  ^  >nls  and  Pierson,  the  relation  be¬ 
tween  the  spectral  density  of  wave  and  ship  responses  is  given  by 

-  S^(u))[h(u))]2  (80) 

^ere 

S  (ui)  *  spectral  density  of  the  response  in  a  particular 
variable  (displacement,  strain,  etc.) 

S^((u)  ■  spectral  density  of  the  wave 

H(u>)  ■  ratio  of  response  in  a  particular  variable  to  wave 
amplitude  (cQBq?lex  frequency  factor) 

If  the  spectrum  of  the  waves  is  given,  the  spectrum  of  the  re¬ 
sponse  can  be  calculated  by  Eq.  (70).  The  mean  square  of  the  response 
is  then  given  by 
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o  “  “  r 

■  J  S  (u))du)  ■  I*  S^(«u)[^H(«))J  du)  (8l) 

o  o 

It  has  been  shown  by  Longuet-Higgins,  that  for  a  relatively  nar¬ 
row  band  of  wave  frequencies,  sueh  as  Is  the  case  with  swells  being 
assumed  here,  the  probability  distribution  of  the  wave  an^plltudes 
tends  to  be  Gaussian  if  the  frequency  factor  has  nonzero  values  in 
the  range  of  wave  frequencies.  Consequently,  it  may  be  e^^cted  that 
the  probability  distribution  of  the  response  amplitudes  is  also  Gaussian. 

Longuet-Hlgglns  calculated  in^rtant  statistical  relationships 
for  the  narrow -frequency  spectrum,  which  were  consequently  tabulated 

/D\ 

by  Pierson,  Neumann,  and  James,  '  for  exanqple 

R  ■  0.88  a  (Aversige  response  aniplitude) 

cLV 

R,  /_  ■  1.4l6  o  (Aversige  response  amplitude  of 

'  ^  the  1/3  hipest  responses) 


In  many  Instances,  the  response  spectrum  may  not  be  considered 

to  be  narrow,  and  the  expected  number  (M^)  of  maxima  of  the  response 

per  unit  time  exceeding  the  value  of  the  response  R(t)  ■  o  can  be  ex- 

(12) 

pressed  after  Bendat  '  as 


(81a) 


vhere 


E[R2(t)_ 


(81b) 


Hius,  this  presentation  introduces  the  probability  concept  into  the 
calculation  of  movements  and  cable  stresses. 
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VIII.  EFFECT  OF  TIIE  UOMilNEAR  MOORING-LIKE  FORCES 


In  the  analyses  of  the  response,  it  has  been  assumed  that  the  re¬ 
storing  forces  of  the  cables  are  linear  with  the  displacement  by  use 
of  Egs.  (2)  and  (3).  This  assunqption  will  introduce  certain  errors 
in  the  calculated  response  and  the  mooring-line  forces. 

Considering  the  spread-moored  ship,  it  has  been  seen  that  the 
pitch  and  surge  are  coupled  because  of  the  bow  and  stern  mooring  lines. 

If  the  total  horizontal  restorii^  force  of  a  system  is  plotted 
as  a  function  of  the  horizontal  displacement  for  different  pitch  angles, 
a  gra|h  of  the  type  presented  in  Fig.  6  will  be  obtained.  In  this 
graih  the  linearization  calculated  by  Eqs.  (2)  and  (3)  is  also  plotted. 

The  nonlinearity  of  the  total  restoring  force  is  much  sn&Uer  thaji 
that  of  the  individual  cables. 

It  will  be  seen  from  such  graihs  that  force-displacement  curves 
for  dlffearent  pitch  angles  are  essentl6d.ly  parallel  for  equal  distances 
over  the  expected  range  of  pitch  angles. 

It  is  assumed  that  movements  in  surge  extend  into  the  nonlinear 
range.  The  horizontal  restoring  force  may  now  be  written,  following 
the  proceduzes  of  Crandall,  by  extending  the  linear  Eq.  (8) 

Fjj  ■  2a[x  +  eg(x)]  -  2(bL  +  ap)0  (82) 


where 

c  ■  small  parameter  modifying  the  nonlinear  function 
g(x)  ■  odd  single-valued  power  function  of  x 

The  values  c  and  g(x)  are  chosen  in  such  a  manner  that  for  zero 
pitch  angle,  Eq.  (82)  is  identical  with  the  force -displacement  curve 
obtained  by  use  of  Appendix  A. 

T9ie  coupled  equations  of  motion  in  surge  and  pitch  for  the  ship 
in  irregular  waves  can  now  be  written  by  introducing  the  nonlinearity 
in  Eq.  (27). 


-29- 


Fig.  6  —  Typical  plot  for  the  horizontal  restoring  force  versus 
displacement  for  different  pitch  angles 
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(84) 

\*ere  I„(t)  and  I«(t)  are  random  functions,  both  derived  from  the  wave 

X  v 

spectrum. 

Equation  (83)  may  be  rewritten  by  introducing  the  equivalent  lin¬ 
ear  stiffness  coefficient  K 

eq 


s  +  aoK  +  K^^x  +  -  i^(t)  +  H  (85) 

where 

^  “  ^^eq  '  “oP 

“o  “  (87) 

X 


Assuming  that  E  is  zero,  the  mean  square  response  of  the  system 
to  an  irregular  sea  with  a  particular  spectrum  is  found  by  Eq.  (8I) 


X 


J  S^(uj)  [H(u))]^d(u 


(88) 


nie  spectral  densi'fy  given  from  the  assumed  sea  condition, 

and  the  square  of  the  absolute  value  of  the  complex-frequency  factor 
|^H(u))J^  is  obtained  from  Eq.  (42) 
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Introducing  Eqs.  (89)  and  (90)  into  Eq.  (88) 


(■'.a) 


for  small  variation  of  K  from  (u^  ,  Eq.  (91)  niay  be  esqpressed 

X 


a®  -  G  [1  +  Y  Tk  -  ^  1 

X  wL  ^Veq 


vhere  "  o  “  energy  of  the  response  for  c  ■  o 

^  *■  ('O  2 

V  ■  A  If  ^  K  „  •  < 

d  K  .4  0 


In  the  euialysis  with  Eqs.  (68)  through  (92)  It  vas  assumed  that 
the  remainder  function  H  equals  zero,  vhicb  is  naturally  not  the  ease; 
H  is  again  a  statlonazy  random  process  Just  like  Ij^(t)  amd  depends  on 
the  value  of  the  equivalent  stiffness  coefficient.  A  measure  of  its 
value  is  its  expected  mean  square 

Ihe  mean  square  of  the  remainder  function  H  can  be  expressed  by 
use  of  Eq.  (86) 


♦  {*  +  «e(x)}®] 


This  vlU  be  a  minimum  for  fixing  K  ^  idien 

eq 


m 


which  results  in 


Inserting  Bq,.  (96)  into  Eq.  (92)  results 


X 

o 


1  +  Y<"o  « 

X 


(96) 


(97) 


The  probability  densi-^  of  a  random  variable  Y  with  zero  mecui 
value  is 


f(Y)  -  - (98) 

where  a  •  standard  deviation. 

The  expectation  value  £|^xg(x)J  in  Eq.  (97)  is  for  the  nonllnecur 
system,  \diich  would  require  knowing  the  response  of  the  nonlinear  sys¬ 
tem.  Fortunately,  the  tens  in  Eq.  (97)  is  to  be  multiplied  by  the 
small  parameter  c,  and  the  eoqpectation  value  Ej^xgxJ  of  the  linear  sys¬ 
tem  instead  of  the  nonlinear  system  will  Induce  errors  of  the  second 
order. 

Oonseqtwntly 

1  ~  /  3cg(x)e  ®  dx  (99) 

®o  ^  ®o  '• 

hy  which  the  effect  of  the  linearization  can  be  Investigated.  The 
tens  Y  may  be  positive  or  negative. 
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IX.  DISCUSSION 

ISie  mathematical  models  presented  here  have  shortcomings.  The 
most  laqportant  one  Is  the  assumed  linear  relatloni^lp  between  the  re¬ 
storing  forces  and  the  displacement  of  the  ship.  The  effect  of  the 
nonlinearity  of  the  mooring  lines  in  the  surge  motion,  which  is  parti¬ 
cularly  affected  by  the  nonlinearity,  was  Investigated  In  detail  in 
Section  VIII,  and  a  method  was  presented  for  calculating  the  ratio  of 
the  mean  square  of  the  nonlinear  response  and  the  linear  response. 

Naturally,  the  methods  of  analyzing  the  response  of  the  moored  shjp 
has  the  limitations  that  are  Imposed  on  the  analysis  of  a  free-floating 
vessel,  and  the  direct  force-displacement  relationship  established  in 
Section  II  limits  the  method  to  mooring  in  a  few  hundred  feet  depth. 

Unfortunately,  no  experimental  data  are  available  in  the  llter- 

?1L) 

ature  to  check  the  analysis  in  detail.  A  paper ^  ‘  describing  model 

tests  performed  at  the  University  of  California  presents  no  detailed 
Information  concerning  the  important  characteristics  of  the  vessel  and 
its  moorings,  but  by  selecting  a  mooring  with  about  the  same  charac¬ 
teristics  In  surge,  one  can  obtain  good  agreement  between  experimental 
and  calculated  valws  of  the  response  of  an  8dO-ton  vessel  (Fig.  7)* 

The  calcvilatlon  of  the  responses  at  a  particular  frequent  is  given 
in  Appendix  B. 

Qie  design  of  moorings  by  using  the  formulas  of  this  Memorandum 
can  be  expedited  considerably  by  graphical  representation  of  the  ex¬ 
citing  forces  and  the  isipedances.  Such  a  procedure  is  illustrated  in 
Appendix  B. 

In  practically  all  cases,  the  surge  response  of  the  vessel  is  the 
main  contributor  to  hlg^  forces  in  the  mooring  lines.  This  is  caused 
by  the  fact  that  vexy  limited  damping  Is  avsdlable  in  this  mode  of 
movement. 

In  principle,  a  reduction  of  the  surge  response  is  possible  by 
two  methods:  namely,  by  increasing  the  daiqplng  or  by  mismatching  the 
natural  frequency  In  surge  with  the  main  range  of  frequencies  of  wave 
excitations. 

The  application  of  the  first  method  is  limited  because  is  is  dif- 


Cable  tension /wave  ompl.  Surge  ompl /wove  ampl.  Pitch  ampl. /wave  ampl.  Heave  ompl./wave  ompl. 

(kips/ft)  (dimensionless)  (deg/ft)  (dimensionless) 
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till _ L_l _ \ _ I _ I _ I 

15  10  9  8  7  6 

Wove  period  (sec) 

Fig.  7  —  Experimental  and  calculated  values 
of  the  response  of  on  660-ton  vessel 


-55- 


ficult.  In  an  incidental  case,  siirge  movements  have  been  limited  by 
the  introduction  of  damping  devices  in  the  mooring  lines. 

Since  wind  and  currents,  whose  effects  are  not  discussed  here,  im¬ 
pose  ceartain  requirements  on  the  mooring-line  tensions,  the  applica¬ 
bility  of  the  second  method  is  often  also  limited. 

In  the  previous  sections  of  this  Memorandum,  a  few  relatively 
simple  but  realistic  cases  where  the  ship  was  moored  in  the  longitu¬ 
dinal  plane  of  symmetry  were  considered. 

Iftifortunately,  the  eqmtions  of  motions  in  six  degrees  of  freedom 
become  very  complicated,  as  coupling  among  many  modes  exists,  and  many 
of  the  hydrodynamic  force  coefficients  cannot  be  ceLLculated.  Con^plete 
solutions  of  the  motions  are  not  yet  realized. 

Weinblum  and  St.  Denis, in  their  now  classical  paper,  presented 
a  method  for  calculating  the  uncoupled  motions  of  an  unrestrained  ship 
in  its  six  degrees  of  freedom  in  regular  waves  with  arbitrary  heading. 
This  work  has  been  expanded  by  Pierson  and  St.  Denis^^^^  for  the  move¬ 
ment  in  irregular  waves  with  a  directional  spectrum. 

If  the  notions  of  the  free-floating  ship  are  considered  uncoupled, 
the  some  ship  in  a  moored  condition  will  have  coupled  motions  due  to 
the  mooring  lines.  For  an  arbitrary  mooring,  for  example,  the  line¬ 
arized  equation  of  motion  in  surge  becomes 


M  X 

XX 


N  X 

XX 


K  X 
:cx 


+  K 


K  z 
xz 


+  K 


xi- 


+  K 


F*  AeJ'" 

ex 

(100) 


The  equations  of  notion  in  the  other  modes  are  similar.  The  coeffi¬ 
cients  K  ,  K  ,  etc.,  depend  on  the  mooring  lines  and  can  be  calcu- 
xz'  ^ 

lated  in  a  manner  similar  to  that  for  the  spread-moored  ship  in  waves 

head-on  (e.g.,  Sqs.  (C)  throu^  (8)). 

For  a  submerged  hovering  submarine,  a  solution  has  been  found  by 

(7) 

Goodman  and  Sargent.  It  appeared  that  for  an  essentially  symmetri¬ 
cal  fore  and  aft  body,  the  motions  in  the  six  degrees  are  uncoupled, 
with  exception  of  the  roll.  The  latter  is  coupled  with  yaw  and  sway. 
For  the  moored  vessel,  the  surge  and  pitch  become  coupled  in  addition 
(Eqs.  (77)  and  (7O)). 
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Appendix  A 

2400RING-LIME  CHARACTERIgTICS 

With  reference  to  the  symbols  indicated  in  Fig.  8,  the  horizon¬ 
tal  component  (H)  of  the  force  in  the  line  is  constant,  and  the  ver¬ 
tical  con5)onent  (v)  is  equal  to  the  net  weigpit  of  the  section  that 
is  lifted  off  the  bottom. 

At  an  arbitrary  point  A,  at  distance  s  along  the  cable  from  the 
point  where  the  cable  touches  the  bottom 


L  -  i 


n 


(106) 
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sw/H 


w  =  weight  per  unit  length  of  chain  in  water 
S  =  total  length  of  the  coble 
S  =  length  of  choin  lifted  from  the  bottom 

Fig  8  —  Schematic  of  mooring  line  and  force  components 
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thus 

S-L  -  S-Jt  -  S-2  [slnh“^ 
and 


From  Eq.  ( I04) 


H  1 


conseqtiently 


(107) 


(108) 


(109) 


(no) 


£q\jations  (106)  throu^  (112)  establidi  the  relationship  between  the 
dimensionless  parameters  H/\di,  V/wh,  T/wh,  (S  -  L)^,  and  0^. 
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It  vlll  be  noted  in  Eq.  (108)  that  for  a  given  valiie  of  (S  - 
“Sw 

can  only  be  solved  by  trial  and  error. 

Solutions  are  presented  in  (b)  of  Fig.  1.  From  these  solutions 
the  force  variations,  \Aien  the  holding  point  is  moved  over  a  small 
distance  in  the  horizontal  or  vertical  direction  according  to  Eqs.  (2) 
and  (3),  can  be  calculated. 


Appendix  B 

CALCULATION  OF  RESFONSBS 


The  calculations  of  the  responses,  e.g. ,  Eqs.  (U2),  and 

(47),  are  considerably  sin^illfied  by  introducing 
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Ihe  value  z  and  its  inverse  1/z  are  functions  of  the  daiiqping 
ss  ss 

term  k  and  the  ratio  of  the  exciting  frequency  and  the  natural  fre¬ 
es 

quency  in  the  particvilar  mode  and  are  presented  in  Figs.  9  and  10. 

The  excitation  term  f ®  can  also  be  plotted  in  the  con®lex  plane 
(for  exaniple,  Fig.  11 ).  Here  f*^,  f  .  and  f  are  plotted  for  a  ves- 

6X  6sC 

sel  of  880  tons  with  a  length  of  80  ft,  draft  of  5  ft,  and  beam  of 

33.6  ft,  and  a  block  coefficient  bj^  ■  1. 

This  vessel  has  the  same  displacement,  ^raft,  and  beam  of  a  ves- 
(n4i 

sel  studied  by  V/iegel.'’*'  '  The  con®lex  values  of  the  excitation  forces 

(4) 

are  calculated  as  outlined  by  V;ilson, '  '  which  is  a  particular  case 


42 


Inverse  impedance  (1/2) 


Fig.  10  —  Polar  plot  of  the  inverse  impedance  1/2 
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Fig.  II — Complex  representation  of  forcing  functions  in  surge,  pitch  and  heave  as  a  function  of  frequency  («)  for  an 

880  ton  vessel 
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of  the  method  of  Weinblim  and  St.  Denis, but  corrections  are  made 
for  the  shallow-vater  effects. 

The  characteristics  of  the  vessel  are  then  Chosen. 
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Initial  tension  in  bow  and  stem  l-l/s  in.  die-lock  chain  (v  ■  20  Ib/ft 
under  water)  T  <■  90,000  lb.  Thus  T/idi  ■  22.5#  cu^d  frcm  (b)  of  Fig.  1, 
(S  -  L)/h  -  0.1.  (Note  T  «  H. ) 

The  linear  coefficients  are  obtained  from  Fig.  2. 
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-  450 

a 

•  9000  Ib/ft 
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-  70 
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-  7 

d 

■  140  Ib/ft 
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■  2a  -  18,000  Ib/ft  (Eq.  10) 

-  -2(bL  +  ap)  -  -  250,000  Ib/ft  (Eq.  11 ) 

Xff 

■  -2(cL  +  ap)  »  -340,000  Ib/rad  (Eq.  26) 
natuml  frequencies  are 

“o  -  ^Avx^xx  "  0*51  rad/sec  (T^  -  211/0.51  - 

“o  “  ^/^ee^ee  "  reA/aec  (Tq  ■  2n/l.l8  ■ 

0  Q 

“o  •  J\J\z  ■  i^/sec  (T^  -  arr/l-ai  « 

z  z 

Ihe  wcoupled  heave  can  be  obtained  directly  from  Figs. 
11  and  Eq.  (47).  For  exasQde,  at  u)  ■  0.6 
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For  surge  from  Eq.  (42) 
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The  force  variation  in  the  stem  chain  can  be  calculated 
^Btem^^'°'^^  “  ®stem^^'°*^^  "  ["^A  +  (ap  +  bL)B  +  bc]A 


[_(-2l,000  L  -89  deg)  +  (l200  Z.-89  deg) 


+  (780  L  2  deg)jA 
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which,  by  solving  graphically,  results  in 


T  .  (A, 0.6)  -  [20,000  L  89  deglA 

stem  ’  L  j 


It  will  be  noticed  that  force  variation  is  caused  mainly  by  the  surge. 

The  results  of  the  responses  in  heave,  surge,  and  pitch,  as  to 
pliase  angle  and  amplitude,  are  in  good  agreement  with  the  results  of 
a  model  test  (Fig.  12 )  in  waves  with  coi^parable  freqxiency.  The  charac¬ 
teristics  of  the  cables  could  not  be  determined  from  the  paper,  but 
the  natural  frequency  in  surge  was  approximately  the  same 

Figure  6  presents  also  the  calculated  responses  in  heave,  pitch, 
and  surge  and  the  tension  in  the  stem  cable  for  a  range  of  frequencies. 
The  results  are  in  good  agreement  with  experimental  values. 


Fig.  12  —  Comparison  between  calculated  and  measured  responses  of  a  moored  ship  in  uniform  waves 
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